Characterization of vector diffraction-free beams 
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Abstract 

It is observed that a constant unit vector denoted by I is needed to characterize a complete 
orthonormal set of vector diffraction-free beams. The previously found diffraction-free beams 
are shown to be included as special cases. The I-dependence of the longitudinal component of 
diffraction-free beams is also discussed. 
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Any light beams other than plane waves are usually diffractively spreading in propagation. 
But it was predicted [1] and then experimentally observed j2| that there exists a kind of Jo 



"scalar" mode the intensity of which is free of diffraction. With the understanding M of 



a 



that there also exists a kind of 



the so-called cylindrical- vector beams [7], it was found 
cylindrical-vector modes the intensity and vectorial structure of which is free of diffraction. 
Those two kinds of diffraction-free beams share the same property that all the wavevectors 
of the constituent plane waves lie on the surface of a cone. 

The "scalar" beam is in fact a uniformly polarized beam that is valid only in the paraxial 



limit js]. The cylindrical- vector beam is such a beam the direction of whose electric vector 
is rotationally symmetric about its propagation axis. The problems with which we are con- 
cerned here are whether there exist other kinds of diffraction-free beams and whether we 
can find a precise scheme to distinguish between different diffraction-free beams. Recently, 
a characteristic denoted by a constant unit vector I was demonstrated [lO] to convey the 
vectorial nature of a light beam. The uniformly polarized beam has a characteristic vector 
that is perpendicular to the propagation direction. The cylindrical-vector beam has a char- 
acteristic vector that is parallel to the propagation direction. The purpose of this paper is to 
classify the vector diffraction-free beams with the I and to explore the dependence of their 
vectorial property on the I. It will be shown that the I is a continuous index to characterize 
a complete orthonormal set of vector diffraction-free beams. Different I's represent different 
complete orthonormal sets of vector diffraction-free beams. 

For simplicity, only monochromatic light beams are considered. We do not solve the vector 
Helmholtz equation together with the transversality condition. Instead, we directly make 
use of the transversality condition to write out the integral expression for the diffraction-free 



beams, because such an approach explicitly demonstrates 10|] the necessity of introducing 



the characteristic vector. As we know, the electric vector ij'd, o?) of a monochromatic light 



ll| into a polarization vector 



beam in the momentum representation can be factorized 
e{{},ip) and a scalar magnitude f{{},ip) as 

f(t9,V.) = e(^,^)/(^,V.), (1) 

where and cp are the polar and azimuthal angles of the wavevector k, respectively, in 
the spherical polar coordinates. The transversality condition means that the polarization 
vector e is perpendicular to the wavevector and can be expanded in terms of a set of base 



polarization vectors as 

e{^, i^- 1) = aiei(t9, I) + 0262(^9, ^; I), (2) 



where the base vectors ei and 62 are defined 10| by means of a constant unit vector I as 



k k X I 

61(7?, ^- 1) = es X -, 62(^9, I) = (3) 

«! and a2 are complex constants satisfying + |a2p = 1, and the dependence of e 
on the I is explicitly shown. In addition, the scalar magnitude f{'d, (p) for an arbitrary 
monochromatic beam of wave number k can be expanded in terms of the following complete 
orthonormal set of scalar functions, 

= T^fc^e""' ^ = 0' ±1' ±2... (4) 
tW iTxk sm Vq 

where the longitudinal component of the wavevector, = fccos^^o, is chosen to be one of 
the indices. The orthonormality property assumes the form 

j fk'j'fk.i smMMip = 5inS{k', - k^), (5) 

where k'^ = fccost^Q. The electric vector of the beam in the position representation that is 
associated with the momentum-representation electric vector ([T]) is given by 

E(I) = — / ii^,ip;I)e^^-''smMMifi. (6) 
27r J 

From the complete orthonormal set of base vectors ([3]) and the complete orthonormal set 
of scalar functions (jl]), one readily writes down the following complete orthonormal set of 
vector functions, 

f^,kA^,^-I) = e.{^,^;I)fkA^,¥>), (7) 
where a = 1,2. They satisfy the relation 



/ 



f*, fc,;, ■ fa,kj sinMMifi = Sa'aSinS{k'-. - k^). (8) 



Now we are in a position to show that the beams associated with the electric vector ([7]) 
in the momentum representation are diffraction-free. Substituting Eqs. ([7j) and (jl]) into Eq. 
([6]) and performing the integration over i), one finds 



where k = ksiwdo is the transverse component of the wavevector, the position vector x 
is expressed as x = e^pcoscp + e^psin^ + e^z in the circular cyhndrical coordinates, and 



an irrelevant factor l/v2vrA; is omitted. The beams represented by Eq. ([9]) are indeed 
diffraction-free, because only the propagation factor exp{ikzz) depends on the z coordinate. 
Eqs. (171) and (jlj) show that all the wavevectors in these diffraction-free beams lie on the 
surface of a cone, the cone angle of which is ^9o- 

The index a in Eq. ([7]) as well as Eq. ([9]) expresses the restriction imposed by the 
transversality condition. Although it requires that the base vectors be per pendicular 
to the wavevector, the transversality condition itself is not able to prescribe 10|] the exact 
relations of Co- with the wavevector. Those relations are determined here by the unit vector 
I in Eqs. ([3]). This shows that one needs to use a as well as I together to characterize the 
vectorial nature of a vector diffraction-free beam. Since every specified I defines a complete 
orthonormal set of vector diffraction- free beams as is explicitly indicated in Eq. (|9]), the I 
turns out to be an index to characterize such a complete orthonormal set. It is noted that 
the I is always perpendicular to E2^kj- 

Next, let us show how the previously found diffraction-free beams can be obtained from 
Eq. dH]). To this end, we let I he in the xoz plane, 

I = e^jSinO + e^cosO, (10) 

paying our attention only to the effect of its polar angle O. This is because the angular- 
spectrum function (jl]) is rotationally symmetric about the z axis. Rotation of I about the z 
axis amounts to a rotation of the diffraction-free beam in the same way. In the first place, 
we assume that the I is perpendicular to the z axis, = |. In this case, one finds from Eq. 



ei =e^(l — sin^ i!) cos^ ip) 



1/2 



e„ sin sin 09 + COS . . \ 

2 o„„^9 ,.M/9 sm^cos(/9, (11a) 



[1 — sin i!} cos^ (py/'^ 
e„ cos -i? — sin -i? sin 09 

62=^^ 2 U/2 " (^^^) 

^1 — sm V COS"' yjj^/^ 



Both of them have 

Is 



ongitudinal components. Here sin -(9 corresponds to the small number / 
discussed in Ref. j9| when the wavevector cone is very close to the z axis. To the zeroth- 
order paraxial approximation, one has ei ^ e^; and e2 ~ e^^. Substituting them into Eq. ([9]), 



one obtains 

Ei^kj = e^Jie'^^e^'^^ E2,kj = e, J^e^'V'=^^ (12) 
where J; = Jdup) is the /th-order Bessel function of the first kind. The case of / = 

n n 

leads to the uniformly polarized Jo diffraction-free beam found in Refs. [1|, 12[. In the 
second place, we assume that the I is parallel to the z axis, G = 0. In this case, one has 
ei = — cos-i? + e_2 sin i9 and G2 — ^ip- Upon substituting into Eq. ([9]), one gets 

1 

X cost^oe^'V^^' + e,Ji sin^^oe^'V^^", (13a) 

X e^''^e*'=^". (13b) 

Here Ei and 'E'2,kj are exactly the vector solutions N„ and M„, respectively, found in 
Ref. js]. In fact, the authors of Ref. js] also made use of a constant vector. Unfortunately, 
they just assumed that vector to be the unit vector in the z direction. 

In Eq. Q, we chose the linearly-polarized base vectors e^- for the vector diffraction-free 
beams. If we choose the circularly-polarized base vectors, e-t = ^(ei ± ^62), and let the I 
lie along the z axis, we will arrive at a complete orthonormal set of vector diffraction-free 



beams that was found in Ref. 



12|. 



At last, let us have a look at the effect of I on the vectorial property of the diffraction-free 
beams by examining the I-dependence of their longitudinal components. For this purpose, 
we take Z = 2 as an example. With the I being given by Eq. ffTOl) . we have for the z 
components of ei and 62, respectively, 

^ sin^ 'd cos — sin 'd cos "i? cos sin 



^ [1 — (sin "i? cos sin + cos "i? cos 0)^]^/^ ' 
^ sin d sin if sin 



(14a) 
(14b) 



[1 — (sin cos (y9 sin + cos'i9cos0)^]-'^/^ 
The z components of 'E'a,kz2 are thus given by 

El,,^2 = / el,e'^^e^-P^'^<t>-^^d^, (15) 

where e^Q = e^|^=^(,. The intensity of longitudinal component is defined as 



Furthermore, in order to show the non-paraxial feature of the diffraction beam, the cone 
angle of the wavevector cone is chosen to be = 60°. In Fig. 1 are displayed the dis- 




tributions of Ii ^ cross section for different values of G, where the units of x and y 

are in wavelengths. In order to illustrate the relative strength of longitudinal component, 
Iik^2 is normalized in each part by the maximum of the corresponding beam's intensity, 
max{|Ei fc^2p}- It is seen that with the increase of G, the longitudinal component of Ei 
goes weaker. Only when the I is parallel to the z axis, is the intensity of longitudinal com- 
ponent axially symmetric. For comparison, in Fig. 2 are displayed the distributions of /|fc^2 
at a cross section for the same values of G as in Fig. 1, where the units of x and y are 
in wavelengths, and the /|fc^2 each part is normalized as well by the maximum of the 
corresponding beam's intensity, max{|E2,fc^2p}- It is shown that with the increase of G, the 
longitudinal component of E2^k^2 goes stronger. When the I is parallel to the z axis, the lon- 
gitudinal component totally vanishes, in agreement with the fact that the I is perpendicular 

to E2,fcJ. 



It seems to be an accepted criterion [13|] that whether a light beam can be viewed as a 
paraxial beam depends on whether its longitudinal component can be neglected in compar- 
ison with its transverse component. This should be valid when the characteristic vector I 
is perpendicular to the propagation direction, because all the diffraction-free beams in this 
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FIG. 2. Distributions of /|fc^2 ^ cross section for the same values of G as in Fig. 1. The units 
of X and y are in wavelengths. 

case have negligible longitudinal components when the wavevector cone is close to the z axis, 
as is shown in Eqs. (fT2|) . But we have noticed that when the I is parallel to the propagation 
direction, the beam associated with E2^kj does not have longitudinal component, regardless 
of the cone angle of wavevector cone. Because large cone angles correspond to non-paraxial 
diffraction-free beams, the aforementioned criterion for a beam to be paraxial is not strictly 
valid. Such a criterion needs further exploration. 
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